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l. INTRODUCTION

Let C(I) denote the space of all real-valued continuous functions on the
interval /= [—1. 1] with the uniform norm [-!. Let /I denote the set of all
algebraic polynomials and [/, < [l the sct of all algebraic polynomials of
degree at most n. It is known |6] that for /'€ C(I) therc exists a unique
B, (/)€ Il and a positive constant 3 such that

Seplzi) B 2 o p BAS) el

for all p€ 1l,. The polynomial B,(/) is called the best approximation of /
from /1, and the largest constant ;v satisfying (1.1) is called the strong
unicity constant. This constant depends on both the function / and the
integer n and will be denoted by 7,(f). In this paper it will be more
convenient to consider the reciprocal of ;,(/) and we will use the notation

‘[n(/) - I«In(/” ] = !

The behavior of the sequence |M,(/)t, , has been the subject of a number
of investigations | 1. 4. 5. 8| which are directed at the resolution of a guestion
that was first posed by Poreda|7|: For what /& C(J) is the sequence
{M (/) bounded?

Define the set

p= /e CUpIimM(/) < ©

and note that /1< #. Henry and Roulier |53 have conjectured that the
reverse inclusion also holds. A survey of the previously mentioned results
supports their conjecture and shows that the behavior of {M (/)i depends on
the cardinality of the extreme set of f.
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UNBOUNDED STRONG UNICITY CONSTANTS 245
We denote the extreme sets of £ € C(I) by

E(f)={x€L:|f(x) = B,(/)x) =/~ BN}

and the cardinality of E,(f) by |E,(/)|. The classical Tschebyscheff
Equioscillation theorem [3] asserts that |E,(f)|>#n + 2. Schmidt [8] has
shown that if |E,(f)=n + 2 for infinitely many » then /'€ B. This raised
the question of whether or not there exists non-polynomial f& C(I) which
has the property that |E,(f) > n + 2 for all but finitely many values of ».
Bartelt and Schmidt |1] settle this existence question in the affirmative by
appealing to the Baire Category theorem and as such the method is not
constructive, In the present work a class of functions is constructed whose
extreme sets contain more than n + 2 points for all sufficiently large n. In
particular, the function S,, considered in Section 2 has the property that, for
a given positive integer k,

E(Sa)l > n+k+2.

Bartelt and Schmidt |1]| obtain a sufficient condition for a function to be
in the complement of .#. Specifically, they establish the following theorem.

THEOREM 1. Let fEC(ONL If |E ()N n+4 for all sufficiently
large n, then f& .

In Section 4, Theorem 1 is strengthened for the class of even functions and
the results of Section 4 are used to show the unboundedness of the sequence
{M, x|} ,. We note that |x) & C'(I) and the results in |5, 8], which require
S to be in C*(7), are not applicable to the absolute value function.

2. LARGE EXTREME SETS

In this section we exhibit a function /€ C(I) whose extreme sets contain
at least n + k + 2 points where k is an arbitrary fixed positive integer. The
method is constructive and the resulting function can be seen to have
symmetry properties similar to the symmetry of an even function.

We define the error function for f as

rdf)=/—=B, (/). (2.1)

A set of points x, < x, < ---< x,, will be called an alternation set for the
function 7,(f) if ry(f)x) = —ro(/)isy) =% Ir (Ol for i= 1o, N~ 1.
The Tschebyscheff Equioscillation theorem [3] asserts that r,(f) has an
alternation set with cardinality at least »n + 2, and conversely, if r=f—p
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where p € 1, has an alternating set with cardinality at least n + 2 then
p=B,(f)

The Tschebyscheff polynomial of degree & on I will be denoted by T,. For
k > 0, the range of T, is [ and thus for any g€ C({). || g|=1g+= T,||. The
construction of an f€ C(I) with |E ()| > n + k + 2 requires the following
lemmas.

LEmMMa 1. Let h€ C(), f=ho T, and [=nk+m, m=0.1.. k- L
where n and k are positive integers, then

(1) Bulf)=8,(h)o T, =B(f)
and

(i) r(fy=rf) exhibits (N — 1)k + | alternations
if r,(h) exhibits N alternations.

Proof. We denote by {x;}; | an alternation set for r, (/) where we can

assume that the x; have been ordered as follows:
—lCxy <xy < dx, <L

Denote by {y;if_, the k + | points where 7,(v,) = (—1)". Without loss of
generality we may assume that

“l=ye <y <<y = L

The restriction of T, to the interval |y, ¥, || (/= l....k) is a bijection
onto /. We define x;; to be the unique element of | v, v, || with the property
that 7T,(x;) =x; (i= L. ki j=1....N). Define the set X = {x;: /= 1. k:
Jj=1....N}. The ordering of X is most conveniently described as follows: fix
I, then x;; is strictly decreasing (increasing) if / is odd (even). Reference to
Fig. I will be beneficial in describing the rest of the ordering of X. Equality
may occur in the transition from one row to the next (the arrows of Fig. 1)

only in the first and/or last columns.

Xy 2 X2 > Xy
Xy <Xpp <KX,
PNy > Xy > > Xy

FIGURE |
For example, we must have x,, > x;,, y where equality occurs if and only if

i is odd and —1 € E,(h). Analogously, x;, > x;,, , with equality occurring if
and only if i is even and 1 € E,(h).
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We define r=f—B,(h)e T, and from the definition of f we have
r=(h—B,(h)o T,=r,(h)o T,. Since {x;}_, is an alternation set for r,(h)
and T,(x;) = x; it follows that, for each i = 1,..,, k, the set {x; ..., x;y} is an
alternation set for r. Moreover, we note that r{x,; ;)= A{x,) — B, (h)(x,) =
r(xyyyy) for i=l.., [(k+1)/2] and  rlxy_, y)=r(xyy) for
i=2,...{{k+ 1)/2]. It follows that the set

A={x;i=1,., kyj=2,.,N~—1}

, k+11
U §x2i~1_j:12 | - [—T-Jgjz I.Ng uyY

where Y is the singleton |x,,} if k is even and empty if & is odd, is an alter-
nation set for r. The cardinality of 4 is given by

1A1:(N—2)k+2{L;I—}HY|:(N«1)k+1.

The Tschebyscheff Equioscillation theorem implies that N2> n + 2. Since
nk=1I0—mand 0 < m <k~ 1, we have

[Al=N-Dk+12nk+k+1
=[—m+k+1
>1+2

Thus r=f—B,(h)o T, exhibits at least /-2 alternations and B,(/)=
B,(h)o T, is the best approximation to f from II,. This establishes (i).
Furthermore, r =r,{f) = r,(f) and (ii} follows.

LemMMA 2. Let the functions f, h, and T, and the integers n, k, I, and m
be as in Lemma 1. Then E(f)=T; ' (E,(h)).

Proof. By Lemma l,f— B{f)=(h—B,(h))o T, so that x € E,(f) if
and only if T\ (x) € E (k).

LemMA 3. Let the functions [, h, and T, and the integers n, k, I, and m
be as in Lemma Y. If |E,(h) =N >n+ 2 then the cardinality of E(S) has
the following lower bounds:

() EL/)=kNZ1l+k+1 if +1 € E,(h),

() |E()=kN-1)+ E-} +1 if 1 € E,(h) and

>+ [‘g‘]+2 —1 & E,(h),

640/41/3-4
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+1 if1€&E,(h)and

k—1
i) 1=KV =1+ |55

k—1
e[S s

(V) EAS)=k(N—1)+1>1+2 if +1 € E (h).

Progf. Using Lemma 2, we establish each of the above by counting the
number of points in 7 '(E,(h)) = E/(/). Since each of the statements are
similar we record here only one of the arguments and leave the remainder to
the reader. We establish (ii).

Using Fig. 1 as it applies to an extreme set and Lemma 2, |E,(/) =
[T, (E (M) = k(N — 1)+ [k/2] + 1. Thus the inequality N >n + 2 and the
range of m implies AN — D z2kn+hk=1+k-m2l+1 or |[E(f) 2=
!+ |k/2| + 2. This establishes (ii).

We now exhibit a function § which has the property that —1 & £,(S) for
every positive integer 7.

THEOREM 2. Define

1

(1 - x*}sin

2
0- R - --w!_
s0 that S € C(I). Then —1 & E (S) for every positive interger n.

Proof. Since ||S|| <4 we have |B,(S)] — 3 <] B (SH — 1S 1< IB(S)~
S0~ S||=]S]| <3 so that

I1B,(S) < L. (2.3)
Applying Markoff’s inequality |2] to B (S} and using (2.3) we obtain
IBASH < n* [ B(SH] < n™. (2.4)
For all # > 1 we define
. 1 —4nt (44
X, = Tran® and X, = a3
and a short computation gives
S} )y=n*x, +1) (2.5)

Six, )< —n*(x; + 1) (2.6)
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We now show that [|B,(S)~— S| >|B,(S}—1)—S(—1)| for all positive
integers n. This is most conveniently done by considering three cases. To
simplify notation we set P = B,(S) for the remainder of the proof.

Case (i). If P(—1)=0, then |S(—1)— P(—1)| =0 by the definition of S
and —1 € E, (S).

Case (ii). If P(—1)> 0 then the mean value theorem implies that a
number ¢ € (—1, x) may be found such that

P(x,)— P(=1)
x, —(=1)

We have used (2.4) to obtain the inequality in (2.7). We now rewrite (2.7) in
the form

=P'(c)> —n> 2.7

P(—1)—n*(x; + 1) < P(x,). (2.8)
Using (2.8) and (2.6) we obtain
P(x; ) — S(x,) > P(—=1) — {n*(x; + 1) + S(x;)}
> P(—1)=P(—1)— S(=1)> 0.
Hence. |P — S| > 1P(x;) = S(x;)| > [P(~1) — S(~1)|, and —1 & E,(S).
Case (iii). Here we assume that P(—1) < 0. This is similar to case (ii).

We obtain P(x,/)— P(—1) < n*(x,} + 1) from the mean value theorem and
then {2.5) gives

S(x) = Plxy) > {S(x7) — n*(x] + 1)} = P(=1)
=81 —P(—1)>0.
Finally, [P — S| > |S(~1)— P(—1)| and —1 & E (S).
In all three cases —1 € E(S).

It is the function S discussed in Theorem 2 that enables one to construct
functions f€ C(J) whose extreme sets contain more than » + 2 points.

THEOREM 3. Let S be defined as in (2.2) and let k be a positive integer.
Define S, =S o T,, then for all positive integers |

E(SOI 21+ 2+ [k/2]. (29)

Progf. There exist positive integers # and m < k such that | =nk + m.
Theorem 2 implies that —1 € E(S,). Applying Lemma 3 to E,(S,) gives the
inequality in (2.9).
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The existence of a continuous function f with more than n + 2 extreme
points in [1] depended on the existence of an even continuous function with
O0& E,(/f) for all positive integers / and the proof of this was not
constructive. A constructive method for showing the existence of such
functions is provided by Theorem 3. If we use T,(x)=2x"—1 and S as
defined in (2.2) then Theorem 2 and Lemma 2 imply that S, =S =T, is an
even function such that 0 €& E,(S,) for all positive integers /. Moreover.
Theorem 3 gives |E(S,)| >+ 3.

3. STRONG UNICITY OF TSCHEBYSCHEFF COMPOSITION

Theorem | provides a necessary condition for a function f€ C({) to
belong to the set ..#; if f€ .# then |E (/) > n + 4. The only functions, with
the latter property, known to the authors are the functions 20 T, (h € C(I))
discussed in Section 2. The construction carried out in that section cannot
lead to a function in .# unless # €. #. This follows from Theorem 5, which
uses the following characterization of M, (/) found in |1].

THEOREM 4. [f h € C(I)\1, then
M, (h) = max|]| p||: p € 1, 0,(1)(x) pix) < 1:x € E,(h)]
where ¢, (h)(x) = sgn r,(h)(x).
THEOREM 5. Let h€ C(I) and define f=heT,. If f& Il , then

‘M(mnk 1(/‘)2"' ‘Mnk(j 2 M, (h). (3.0

Proof. Since f& I, .. h& I, Set [ =nk + mform=0, 1.k - 1
and let x € E (k). 1t follows from Lemma 2 that £,(/)= T, '(E,(h)). Now
forve T, ( } we have

oS W) =sgnr(f)()
=sgn 7, (/))
- Unk(f)()‘)
= sgn r,(h)(x)
= 0,(7)(x).

If pell, then poT,€ll,, and poT,(y)=px) Then I,
i, <<, and Theorem 4 imply the inequalities in (3.1).



UNBOUNDED STRONG UNICITY CONSTANTS 251
4, Two ExXAMPLES

In this section we consider the set & of continuous even functions defined
on I. It is clear that if f€ & then f=fo T, where f(x) =f(/(x + 1)/2).
Hence, the results of Section 2 are applicable to the elements of &.

Let f€& and x=min{y EE,(f)y >0}. If x#0 then —x € E,(f) and
sgn(r(—x)) = sgn(r(x)). Thus both x and —x cannot be in an alternation set.
Notice that 0 € E,(f) if and only if —1 € E,(f), n = [l/2]. Define e(/) = 1
(resp. 0) if 0€ E(f) (resp. O E,(f)). Lemma 3 implies that |E(/) =
2|E(f) —e(l). Thus when 0€ E,(f) it behaves as a “double” extreme
point.

Theorem 5 implies that if /€ (@ M &)\ then f€ .. Thus the search for
a non-polynomial element of % should not be restricted to the even
functions. Nevertheless, the following theorem shows that certain functions
do not belong to .%.

THEOREM 6. Let fe &N If |E,(N<2([l/2]+4)—e(l), for all
sufficiently large I, then [ & B.

Proof.  Lemma 3 implies |E(f)| =2 |E (/)| — e(l) where n=[l/2]. Thus
|E () =3(E(f) +e(l)) <n+ 4 Theorem 1 implies f& B and Theorem 5
implies /& B.

CoroLLARY 1. Ifp€ Il and f(x)=p(x|) € II, then f & .%.

Proof. Let /> 6 and set n=[l/2]. Since f is even we have B,(f)(x)=
By, (f)(x)=3"_,a;x*. Let r, be the restriction of the error function r/(f)
to [0,1], ie, 7. (x)=px)—B,(f)x), x€]0,1]. Since p€E Il and
B/(f)x)ell,,Nn&, we have D ,r_ € II,, ,. Hence, D,r_ is the sum of at
most # + 3 monomials. By Descartes’ rule of signs, D,r, has at most n + 2
positive roots. The non-negative elements of E,(f) must be among the roots
of D,r,, zero, or one. The symmetry of r now implies that
|E,(f) <2n+7=2|l/2] + 7. Theorem 6 implies that /& 2.

The corollary implies that f(x) = |x| is not an element of .%. The results in
[5.8] require C*® functions f and are therefore not applicable to the absolute
value function. Other examples that cannot be analyzed by considering the
derivatives of f can also be obtained from the methods of this paper. In
particular, we show that A(x)= (ax® + bx +¢) /x + 1 does not belong to
#. Define (hoT)(x)=f(x)=alx|*+8|x]>+7y|x|]. The counting
argument of Corollary 1 implies that |E,(f)| <!+ 7, and Lemma 3 implies
that |E (k) < n+ 4, n=[l/2]. An application of Theorem 1 yields # & .Z.



252 EGGERT AND LUND
REFERENCES

1. M. W. BARTELT AND D. ScHMIDT, On Poreda’s problem for strong unicity constants. J.
Approx. Theory 33 (1981), 69-79.
2. E. W. CHENEY, “Introduction to Approximation Theory.” McGraw—Hill, New York. 1966,
3. P. J. Davis, “Interpolation and Approximation,” Dover. New York. 1975,
4. M. S. HENrY AND L. R. HUFF. On the behavior of the strong unicity constant for changing
dimension, J. Approx. Theory 27 (1979), 278-290.
5. M. S. HeEnry anD J. A. ROUUIER, Lipschitz and strong unicity constants for changing
dimension, J. Approx. Theory 22 (1978), 85-94.
6. D. J. Newman anD H. S. SuaPIRO, Some theorems on CebySev approximation, Duke
Marh. J. 30 (1963), 673-681.
. S. J. Porepa, Counterexamples in best approximation. Proc. Amer. Math. Soc. 56 {19761,
167-171.
8. D. ScHmipT, On an unboundedness conjecture for strong unicity constants. J. Approx.
Theory 24 (1978), 216-223.

~3



